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ABSTRACT
Recently, a novel invariant is considered, which is the Nirmala index defined as the sum of the square root of
sum of the degrees of the pairs of adjacent vertices. In this paper, we introduce some new Nirmala indices: the
second, third, fourth and neighborhood (or fifth) Nirmala indices of a graph. Furthermore, we compute the
neighborhood Nirmala index and its exponential for certain important chemical structures such as nanocones and
dendrimers.
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1. INTRODUCTION
Let G be a finite, simple, connected graph with vertex set V(G) and edge set £(G). The degree of a vertex u is the

number of vertices adjacent to « and it is denoted by do(u). Let S (u) denote the sum of the degrees of all

vertices adjacent to a vertex u. For undefined term and notation, we refer the book [1].

A molecular graph is a graph such that its vertices represent to the atoms and the edges to the bonds. Chemical
Graph Theory is a branch of Mathematical Chemistry whose focus of interest is finding topological indices of a
molecular graph which correlate well with chemical properties of the chemical molecules, see [2].

In [3], Kulli introduced the Nirmala index of a graph and defined it as
N(G)= Y dgw)+ds ().

uveE(G)
Recently, some Nirmala indices were studied, for example, in [4, 5, 6, 7].

Motivated by the previous research in Nirmala index and its applications, we now introduce the second, third and
fourth Nirmala indices of the molecular graph as follows:

The second Nirmala index of a molecular graph G is defined as

NZ(G) = Z w/nu +n,

weE(G)
where the number #, of vertices of G lying closer to the vertex u than to the vertex v for the edge uv of a graph G.

The third Nirmala index of a molecular graph G is defined as

N3(G)= Z Jm, +m,

uveE(G)
where the number m, of edges of G lying closer to the vertex u than to the vertex v for the edge uv of a graph G.

[47]
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The fourth Nirmala index of a molecular graph G is defined as

N(G)= 2 Je(u)+e(v)

uveE(G)

where the number &(u) is the eccentricity of vertex u.

The neighborhood Nirmala index of a molecular graph G is defined as

W@ = Y JSe)+5,0).

uveE(G)

Considering the neighborhood Nirmala index, we introduce the neighborhood Nirmala exponential of a graph G
and defined it as

NN(Gx)= 3 alSes,

uveE(G)

Recently, some neighborhood indices were studied, for example, in [8, 9, 10, 11, 12,13, 14, 15, 16, 17, 18, 19]. In
this study, we compute the neighborhood Nirmala index, the neighborhood Nirmala exponential of some
important nanostructures which appeared in nanoscience. For nanocones and dendrimers, see [20, 21].

2. RESULTS FOR NANOCONES C,[]

In this section, we consider nanocones C,[k]. The molecular structure of C4[2] is shown in Figure 1.

Figure 1. The molecular structure of C4f2]

n
Let G be the molecular structure of C,[k]. By calculation, G has n(k+1)? vertices and E(k +1)(3k +2) edges.

Also by calculation, we obtain that G has five types of edges based on S¢(u) and S¢(v) the degrees of end vertices
of each edge as given in Table 1.

Table 1. Edge partition of Cu[k| based on Sc(u), Sc(v)

Sa(u), Se(v) \uv € E(G) Number of edges
(5,5) n
(55 7) 2n
6,7) 2(k— 1)n
(75 9) nk
9,9
) K (3 -1)
2

In the following theorem, we compute the neighborhood Nirmala index and its exponential of C,[k].

(48]
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Theorem 1. Let C,[k] be the family of nanocones. Then

(i) NN(G) =%nk2 —(%—2@—4Jnk+(\/ﬁ+4\6—2\/ﬁ)n.

(i) NN(G,x) =™ 4 2B 120k~ 1) 4 ko + (3k—1)x3ﬁ.

Proof: Let G be the molecular graph of C,[k]. By using the deﬁnitions and Table 1, we deduce

(i) NN(G)= > /S, (u)+58,()

weE(G)
1 1 1 1 1
=(5+5)2n+(5+7)22n+(6+7)2 2k —D)n+(7+9)2 nk+(9+9)2n—2k(3k—1).

After simpliﬁcation we get the desired result.
(i) NN G, x Z JS6 )+, (v)

uveE(G)
nx(SJrS)E + 2nx(5+7)E + 2(]( _ 1)”‘)6(6+7)E + nkx(7+9ﬁ +n_2k(3k _1))6(9+9)E .

After simplification, we obtain the desired result.

3. RESULTS FOR NS;[r] DENDRIMERS
In this section, we focus on the class of NS>[n] dendrimers with n>1. The graph of NS>[3] is shown in Figure 2.
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Figure 2. The graph of NS:[3]

Let G be the graph of NS:[n]. By calculation, G has 16x2" — 4 vertices and 18%x2" — 5 edges. Also by calculation,
we obtain that G has seven types of edges based on S¢(u), S¢(v) the degrees of end vertices of each edge as given
in Table 2.
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Table 2. Edge partition of NS:[n] based on Sc(u) and Sc(v)
SG(U), SG(V) \ uyv E(G) (45 4) (55 4) (55 5) (55 6) (75 7) (55 7) (65 6)
Number of edges 2x2" 2x2" 2x2" 42 6%x2" 1 4 6x2"-12

In the following theorem, we compute the neighborhood Nirmala index and its exponential of NS,[#].

Theorem 2. Let NS;[n] be the family of dendrimers. Then
(i) NN(G) = (442 + 6+ 2310 + 611 +124/3)2" +24/10 +~/14 — 404/3.

(i) NN(G,x) = 2x2"x2 4+ 2x27 3 + (2% 2" + 2210 16327 M 4 04 | (6327 —8)x>P3

Proof: Let G be the molecular graph of NS>[n]. By using the definitions and Table 2, we deduce

(1) NN(G) = Z VS, (w)+ S, (v)

weE(G)
1 1 1 1 1
=(4+4)22x2" +(5+4)22x2" +(54+5)2(2x2"+2)+(5+6)26x2" +(7+7)2

1 1
+(5+7)24+(6+6)2 (6x2" —12).
After simpliﬁcation we obtain the desired result.

(i) NN G, x Z S, (u)+S, (v)

uveE(G)

— )% D" x(4+4)5 L% D" x(5+4)5 +(2x "y 2)x(5+5)5 1 6x2" x(5+6)5 I x(7+7)5 i 4x(5+7)5 +(6x o _12)X(6+6)E )
After simplification, we obtain the desired result.

4. RESULTS FOR NS3[rn] DENDRIMERS

In this section, we focus on another type of dendrimers NS3[n] with n>1. The molecular structure of NS3[2] is
presented in Figure 3.

Let G be the molecular graph of NS3[n]. By calculation, we obtain that G has 18x2" — 12 vertices and 21x2" — 15
edges. Also by calculation, we get that G has five types of edges based on Sg(u) and Sg(v) the degrees of end
vertices of each edge as given in Table 3.

Table 3. Edge partition of NSs[n] based on Sc(u) and S¢(v)
So(u), Se(v) \uv € E(G) 4.4 (5,4 (3,7 6,7 (7,7
Number of edges 3x2" 3x2" 3x2" 9x2"—12 3x2"-3

htytp: // www.ijesrt.com© International Journal of Engineering Sciences & Research T echnology
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Figure 3. The structure of NS3[2]

In the following theorem, we compute the neighborhood Nirmala index and its exponential of NS;3[n].

Theorem 3. Let NS3[n] be the family of dendrimers. Then
(i) NN(G)=(6v2 +9+ 63 + 9413 +34/14)2" —124/13 - 34/14.

(i) NN(G,x) =3x2" x> 13x275% 432" 223 4 9% 2" —12)x/5 1+ (3x2" —3)x 1
Proof: Let G be the molecular graph of NS3[n]. By using definitions and Table 3, we deduce

(1) NN(G) = Z VS, (w)+ S, (v)

weE(G)

1 1 1 1 1
=(4+4)23x2" +(4+5)23x2" +(547)23x2" +(6+7)2(9%x2" —12) +(7+7)2 3x 2" = 3).
After simpliﬁcation we obtain the desired result.

(i) NN G, x Z JS6 )+ (v)
uveE(G)
— 3 x 2n x_(4+4)E + 3 x 2}1)(:(44»5)E + 3 % 2}1)(:(54»7)E + (9 x 2}’! _ 12))(:(64»7)E + (3 x 2}’! _ 3))(:(74:7)E .
After simplification, we obtain the desired result.

htytp: // www.ijesrt.com© International Journal of Engineering Sciences & Research T echnology

[51]

IJESRT is licensed under a Creative Commons Attribution 4.0 International License.




- THOMSOM REUTERS
ISSN: 2277-9655
[Kulli et al., 10(5): May, 2021] Impact Factor: 5.164
IC™ Value: 3.00 __.__._CODEN: LJESS7
5. RESULYS FOR PAMAM DENDRIMER PD;[n]
We consider the PAMAM dendrimers with n growth stages, denoted by PD;[n] for every n > 0, see Figure 4.
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Figure 4. PAMAM dendrimer PDi[n]

Let G be the graph of PAMAM dendrimer PDi[n]. By calculation, we see that G has 12x2"*2 — 23 vertices and
12x2™2 24 edges. Also the edge partition of the form (2,3), (3,4), (3,5), (4,5), (5,5), (5,6) for PAMAM dendrimer
PD\[n] based on the degree sum of neighbors of end vertices of each edge is obtained, as given in Table 4.

Table 4. Edge partition of PDi[n] based on Sc(u) and Sc(v)
So(u) Se\uveE(G)  (2,3) (34 (3,95 4, 5) (CER)) (5,6
Number of edges 3x2"  3x2" 6x2"-3  9x2"—6  18x2"-9 9%x2"—6

In the following theorem, we compute the neighborhood Nirmala index and its exponential of PD[n].

Theorem 4. Let PDi[n] be the family of PAMAM dendrimers. Then
(i) NN(G) = (3v/5 +3v7 +124/2 + 27 + 18410 + 94/11) 2" —(6\E+18+9ﬁ+6ﬂ).

(i) NN(G,x) =3x2" x5 +3x 2" 77 4 (6x2" —3)x>2 4 (9x2" —6)x® + (18x2" —9)xV1° 1 (9% 2" — 6)x"11

Proof: Let G be the molecular graph of PDi[n]. By using the definitions and Table 4, we deduce

(1) NN(G) = Z VS, )+ S, (v)

weE(G)
1 1 1 1
=(2+3)23x2" +(3+4)23x2" +(3+5)2(6x2" =3)+(4+5)2(9x2" —6)

+(5+5)5 (18x2" —9)+(5+6)% (9%x2" —6).

After simplification, we obtain the desired result.
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(ii) NN(G,x) Z PRI

uveE(G)

— 3 x 2}1 .X_(Z+3)E + 3 x 2}’! .X_(3+4)E + (6 x 2}’! _ 3))(:(34»5)E + (9 x 2}’! _ 6))((44»5)E + (18 x 2}’! _ 9))(:(54»5)E + (9 x 2}’! _ 6))((51’6)E .
After simplification, we obtain the desired result.

6. RESULTS FOR TETRATHIAFULVALENE DENDRIMERS TD;|n]
In this section, we focus on the molecular graph of a tetrathiafulvalene dendrimer. This family of tetrathiafulvalene
dendrimers is denoted by TD-[n], where n is the steps of growth in this type of dendrimers for n>0. The molecular
graph of TD»[2] is shown in Figure 5.

Figure 5. The molecular graph of TD:[2]

Let G be the molecular graph of tetrathiafulvalene dendrimers 7D,[n]. By algebraic method, we obtain that
[V(G)=31x2"2% — 74 and |E(G)[=35%2""2 — 85. Also the edge partition of TD,[n] based on the degree sum of
neighbors of end vertices of each edge is obtained as given in Table 5.

Table 5. Edge partition of TDz[n] based on Sc(u) and Sc(v)

Sc(u), Se(W)\uveE(G) Number of edges
2,4) ont2
(3,6) 2M2_4
4, 6) ont2
(5,5) 7x2m™2 16
(5, 6) 11x2"2 24
5,7 3x2m2_8
(6, 6) 2M2_4
6,7) 8x2m2 24
(7,7) 2x2"2_ 5

In the following theorem, we compute the neighborhood Nirmala index and its exponential of 7Ds[n].
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Theorem 5. Let 7D;[n] be the family of dendrimers. Then

(i) NN(G) = (/6 +3+ 810 + 1111 + 83 + 813 + 24/14) 2"
—(12+163/10 + 2411 + 2443 + 24413 + 54/14).
(i) NN(G,x) = 2" 227 £ (272 —4)x3 + 8x2"2 —16)x10 + (11x 272 — 24) M1
F(4x 22 212)2 B 4 (8% 22 Z 241 4 (2% 22 5y 14,

Proof: Let G be the molecular graph of 7D[n]. By using the definitions and Table 1, we deduce

(1) NN(G) = Z VS, (w)+S,(v)

weE(G)
1 1 1 1 1
=(2+4)22"2 +(3+6)2 (2" —4)+(4+6)2 2" +(5+5)2 (Tx2"7 =) +(5+6)2 (11x 2" - 24)

1 1 1 1
+(547)2(3x2"7 =8)+(6+6)2 (2" —=4)+(6+7)2 (8x2"* =24) +(7+7)2 (2x2"** =5).

After simplification, we obtain the desired result.

() NN(Gax)= 3 alS @

uveE(G)

_ 2n+2x(2+4)5 " (2n+2 _ 4)x(3+6)5 L2 x(4+6)5 +(7x o2 _16)x(5+5)i +(11x 2 _ 24)x(5+6)z

+(3x on+2 _8)x(5+7)5 i (2n+2 _ 4)x(6+6)5 +(8x on+2 _ 24)x(6+7)3 +(2x gn+2 _5)x(7+7)5 '
After simplification, we obtain the desired result.
7. RESULTS FOR POPAM DENDRIMERS POD:;|n]
In this section, we focus on the molecular graph of POPAM dendrimers. This family of dendrimers is denoted by

POD;[n], where n is the steps of growth in this type of dendrimers. The molecular graph of POD,[2] is shown in
Figure 6.

(54]
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Figure 6. The molecular graph of POD:[n]

Let G be the molecular graph of POPAM dendrimers POD,[n]. By algebraic method, we obtain that |V (POD;[n])|=
2™5 — 10 and |E(POD:[n])|= 2" — 11. The edge partition of POD;[n] based on the degree sum of neighbors of
end vertices of each edge is obtained as given in Table 6.

Table 6. Edge partition of POD:[n] based on Sc(u) and Sc(v)

Sc(u), Se(v)\uveE(G) (2,3) (3.4 4,4 4,5) (5,6)

Number of edges 22 22 1 3x2" -6 3x2" -6

In the next theorem, we compute the neighborhood Nirmala index and its exponential of POD:[n].

Theorem 6. Let POD;[n] be the family of dendrimers. Then

(i) NN(G) = (/5 +4/7 +9+3411)2"2 + 242 - 18— 611.

(i) NN(G,x) =272 x5 12727 13202 L (35272 _6)® + 3% 2"*2 )11

Proof: Let G be the molecular graph of POD;[n]. By using definitions and Table 6, we deduce

(i) NN(G)= > S, (u)+5,()

weE(G)

1 1 1 1 1
=(243)22"2 +(3+4)22" +(4+4)2 +(4+5)2 3x2"? —6)+(5+6)2 (3x2"? —6).
After sirnpliﬁcation we obtain the desired result.
(ii) NN G )C Z x«ISG(u)+SG(v)
uveE(G)
P x(2+3)% L o*2 x(3+4)12 i x(4+4)% +(3x o2 _ 6)x(4+5)12 +(3x o2 _ 6)x(5+6)%

After simplification, we obtain the desired result.

8. CONCLUSION
In this study, we have introduced some new Nirmala indices: the second, third, fourth and neighborhood Nirmala
indices of a graph. We have computed the neighborhood Nirmala index and its exponential for nanocones and
dendrimers.
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